In this work, the atomistic Green's function method is extended to compute transmission functions for each phonon polarization. The eigenvectors and eigenvalues of the overall density of states matrices are manipulated to yield a density of states matrix for each polarization. A decomposed self-energy is calculated from the density of states matrix for each polarization and used to calculate the transmission function for a particular phonon branch. In a pure bulk material such as silicon, each transmission function exhibits a frequency-independent value of unity. In heterogeneous bulk materials, the transmission function is reduced significantly due to the junction of dissimilar materials.
Introduction
The existence of thermal resistance between solid and liquid was first mentioned in 1936 by Kürti et al. [1] . This phenomenon was later recognized to be very important by Kapitza [2] , who reported on a temperature jump at a liquid-solid interface under the presence of heat flow from one to the other. A number of more recent publications [2] [3] [4] [5] have shown that the thermal resistance at an interface can dominate energy transport in many practical applications.
Mingo and Yang [6] developed the atomistic Green's function (AGF) method using an analogy between the wave properties of electrons and phonons. A dynamical matrix was employed to describe the interactions among atoms. The inputs for transmission function calculation in the AGF method are the equilibrium atomic positions and the interatomic potential. From these, the transmission function is estimated in terms of the Green's function for each material and the matrix form of broadening factors introduced by the linking of dissimilar materials. Critical information such as phonon dispersion and density of states is implicitly included in the harmonic matrices.
Despite much recent progress using the AGF method, a number of useful extensions remain to be made. One significant problem is that the traditional transmission function estimated by the AGF method is a summation of the transmissivities of all phonon polarizations at a given frequency. In other words, the methods employed to date have not supported polarization-specific transmission function calculations. However, polarization-specific transmission at interfaces is essential to understanding the details of how energy transfer occurs across an interface. In the solution of dispersion and polarization-dependent phonon transport using the nongray Boltzmann transport equation (BTE), for example, such detailed information is needed to pose appropriate boundary conditions. Many prior studies have used so-called mismatch models (either acoustic or diffuse). Early work assumed wave-vector independence and constant group velocity assumptions [3] , though more recent publications have relaxed these assumptions [7] . Notably, the AGF does not employ these simplifying assumptions. In this work, an extension of the AGF methodology is developed based on the orthogonal property of phonon vibrational vectors to obtain polarization-specific transmission functions. Benchmark problems involving phonon transmission through bulk materials with comparison to theoretical predictions validate the method. In particular, polarization-specific transmissivity results for a Si=Ge=Si heterogeneous thin film structure are presented to illustrate the method.
The phonon transmission function weighted by the phonon escape probability at angular frequency x and with projectionk jj in the 2D transverse plane is given as
In order to show the derivation clearly, U L and U R are rewritten as
where A LC and A RC are defined as
A is a matrix proportional to phonon density of states according to Zhang et al. [8] and is a linear combination of phonon vibrational polarizations. Hence, the crucial step in decomposing the transmission function is to break up the matrix A into a series of polarization-specific components. Simple observation of Eq. (4) reveals that A is Hermitian and can, therefore, be written in terms of its eigenvalue and eigenvector sets as
where / i are the eigenvectors of matrix A; k i are the corresponding eigenvalues and can be interpreted as amplitudes. We emphasize that for a two-atom based unit cell, there are six sets of eigenvalues and eigenvectors. However, only phonon polarizations with a nonzero density of states will participate in the transport to the other contact. We define two polarization-based phonon escape rates
where k L(R),i and u L(R),i are the eigenvalues and eigenvectors from the eigenvalue problem for matrix A, and i is an index number. By substituting U L and U R with c L,i and c R,i in Eq. (1), the polarization-specific phonon transmission function may be defined as
The benchmark problem considered here has the structure shown in Fig. 1 . In this case, both the contacts and the thin film device are made of silicon and exhibit periodicity in the x and y directions. In this homogeneous system, every phonon polarization should have a perfect transmissivity of unity through the device. Identical densities of states and phonon group velocities on both sides of the interface result in a unitary transmission function by Zhang et al. [8] for the longitudinal polarization in a homogeneous 1D atomic chain. The results in Fig. 2(a) show Figure 2(a) demonstrates that the transmission function for each phonon polarization precisely matches the theoretical prediction. Furthermore, the results reveal that the cutoff frequency for the transmission function is the highest occupied frequency of the optical phonon polarization from the [100] direction dispersion curves.
The summation of polarization-specific transmission functions is expected to reproduce the total transmission functions computed directly from the usual AGF method. Figure 2(b) compares the results from the summed, polarization-specific transmission functions to that obtained from the overall AGF method [9] . We note that the steps in the transmission function curve correspond to the number of phonon polarizations that are active at that frequency. At low frequency, both transverse acoustic (TA) polarizations and longitudinal acoustic (LA) modes exist in the bulk material. As a result, the transmission function takes an integer value of 3. When the angular frequency rises to a value higher than 30 Â 10 12 rad=sec, LA becomes the only polarization possible, and the transmission function drops to unity. The transmission function value rises back to three as the frequency increases further because of the contribution from transverse optical (TO) polarizations.
We now examine the polarization-specific transmission of a Si=Ge=Si system in the [100] direction. A germanium thin film of one unit-cell thickness is located between two semi-infinite silicon contacts, as shown in Fig. 1 . The germanium lattice is stretched to match the size of the silicon lattice, with minimal impact on the transmission [9] . Plots of the polarization-specific transmission function versus x with k x and k y equal to zero are shown in Fig. 3 . The curves clearly illustrate that the degenerate polarization-specific transmission functions in the homogeneous case now become distinct branches. The shape of each phonon branch appears similar to that the reported for a heterogeneous 1D chain result [8] . From Fig. 3 , we conclude that in the low frequency regime, phonons of all three polarizations have a noninteger probability of crossing the interface. Beyond a frequency of 30 THz, only one branch, the longitudinal acoustic mode, survives. The results also reveal that, for all phonon polarizations, the transmission function is nearly unity at very low frequencies and then begins to vary with frequency. Because of the long phonon wavelengths at low frequencies, these phonons are essentially blind to the existence of the device and pass through it unhindered.
Another interesting result shown in Fig. 3 is that the maximum cutoff frequency decreases by more than 20 Â 10 12 rad=sec compared to the result in Fig. 2(b) . The reduction could be due to the Transactions of the ASME phonon dispersion of stretched germanium in the [100] direction.
The maximum phonon frequency in a stretched germanium crystal is approximately 70 Â 10 12 rad=sec. Since the transmission is calculated under a harmonic assumption, phonons at higher frequencies are filtered according to the germanium dispersion relation. On the other hand, Fig. 2 (b) also reveals that only one phonon polarization (LA) carries energy in bulk silicon in the middle frequency range above the level that TA phonons are inactive and below that for which TO phonons become active. Therefore, despite there being three phonon polarizations in germanium in the frequency range of interest, the contact can only provide one polarization and becomes the bottleneck to transport. Another interesting feature of Fig. 3 is the transmission function for the transverse polarizations. For bulk Si crystals, the two transverse polarizations in the [100] direction are degenerate; here, however, they are distinct. The reason is that the heterogeneous device destroys the symmetry of the system. Similar results were reported by Wang and Wang [10] for phonon transmission across nanotube junctions. The peaks in the transmission function seen in Fig. 3 are Fabry-Perot-like peaks resulting from resonant scattering on phonons [8] .
In Fig. 4 , the transmission function for k x =k x,max ¼ k y =k y,max ¼ 0.05 is shown. We see that the transmission function exhibits sharp jumps, and that the transmission function value at low frequencies is less than unity. At low frequency, it is very difficult to distinguish the different phonon polarizations, unlike the situation in the [100] direction. This is because only in highly symmetric directions such as [100] and [111], the TA and LA polarizations can be clearly defined. In the high frequency range our results exhibit trends similar to those in the [100] direction and the cutoff frequency remains the same.
In conclusion, the AGF method has been extended to compute polarization-specific transmission functions. The method is applied to the case of phonon transmission in a homogeneous medium and reproduces the expected theoretical results correctly. The method is applied to the case of transmission through a Si=Ge=Si structure, and a clear view of polarization-specific phonon transmission as a function of angular frequency is obtained. Our results show that the transmission function is strongly affected by the properties of the constituent materials, and the phonon frequency and direction. We anticipate that this ability to resolve transmission functions by polarization will be very useful in applications to multiscale modeling, where the transmission functions derived by the present method can be used in polarization-specific particle-based transport models such as those that solve the Boltzmann transport equation. 
